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The whist tournament problem has attracted the interests of many design theorists for
over a century. To construct Z-cyclic whist tournaments, the concept of Z-cyclic patterned
starterwhist tournamentswas introduced. The research onZ-cyclic patterned starterwhist
tournaments dates back to 1954. Although considerable progress has beenmade in the last
decade or so, less has been made about the existence of Z-cyclic patterned starter whist
tournaments, despite the efforts of many authors.
In this paper, we will first provide two new nonexistence results for Z-cyclic patterned
starter whist tournaments. Then, we will propose a general recursive construction, i.e., a
frame construction, for Z-cyclic patterned starter whist tournaments. As a consequence,
we are able to unify many known constructions for Z-cyclic patterned starter whist
tournaments. The known existence results of such designs are then extended.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
A whist tournament on v players is a particular type of (v, 4, 3) (near) resolvable BIBD. Each block (a, b, c, d) of the
BIBD is called a whist game and represents the fact that the partnership (a, c) opposes the partnership (b, d). The design is
subject to the ‘‘whist’’ conditions that every player partners every other player exactly once and opposes every other player
exactly twice. A whist tournament on v players is denoted by Wh(v). Each (near) resolution class of the design is called a
round of the tournament. The whist tournament problem was introduced by Moore [18] in 1896. Its existence attracted a
lot of design theorists such as Wilson, Baker, Hartman et al. Since the 1970s, it has been known that a Wh(v) exists for all
v ≡ 0, 1(mod 4). For general information on whist tournaments, see the survey paper of Anderson [2].
A whist tournament is said to be Z-cyclic if the players are elements in X = Zm ∪ A, where m = v,A = ∅ when
v ≡ 1(mod 4) and m = v − 1,A = {∞} when v ≡ 0(mod 4), and it is further required that the rounds also be cyclic in
the sense that the rounds can be labelled, say, R1, R2, . . . in such a way that Rj+1 is obtained by adding+1(mod m) to every
element in Rj. When∞ is present, one has the convention that∞+ 1 = ∞. Consequently, Z-cyclic whist tournaments are
such that the entire tournament can be represented by a single (near) resolution class. This representative (near) resolution
class is typically called the initial round of the tournament, and conventionally, in the near resolvable case, misses player 0.
Symmetric differences [3] provide a useful tool to determine whether or not a collection of games serves as the initial round
of a Z-cyclic whist tournament.
If G is an abelian group such that |G| ≡ 1(mod 2), the set {(x,−x) : x ∈ G \ {eG}} (where eG is the identity element of the
group G) is called the patterned starter for G. It is sometimes convenient to call the set {(x,−x) : x ∈ G\{eG}}∪{(∞, eG)} the
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patterned starter for the setX = G∪∞. If G = Zm, withm as above, then a Z-cyclicWh(v) is said to be a Z-cyclic patterned
starter whist tournament, ZCPS-Wh(v), whenever the collection of initial round partner pairs forms the patterned starter
for the setX.
In 1954, Watson [20] provided a construction which yields Z-cyclic patterned starter whist tournaments for v players
where v is a finite product of primes each congruent to 1modulo 4. Bose and Cameron [6] in 1965 and Baker [5] in 1975 each
gave constructions that produce Z-cyclic patterned starter whist tournaments for v players where v is a prime congruent
to 1 modulo 4.
Theorem 1.1 ([5,6,20]). There exists a ZCPS-Wh(v) if v is a finite product of primes each congruent to 1modulo 4.
Although considerable progress has beenmade in the last decade or so, less has beenmade about the existence ofZ-cyclic
patterned starter whist tournaments, despite the efforts of many authors, for example, [9,10,14,15,1]. In what follows we
give a brief review of the development on Z-cyclic patterned starter whist tournaments.
Finizio [9] firstly introduced the concept of Z-cyclic patterned starter whist tournaments, and developed complete
existence results about ZCPS-Wh(v) for all 5 ≤ v ≤ 41, v ≡ 1(mod 4) in 1994. Leonard [14] provided a process
for the construction of Z-cyclic patterned starter whist tournaments for q2 players, where q is a prime congruent to 3
modulo 4. Using this approach, Leonard [14] and Leonard and Jones [15] constructed all the Z-cyclic patterned starter whist
tournaments for q2 players with 7 ≤ q ≤ 5000. The only other small examples of ZCPS-Wh(v) for v ≡ 1(mod 4) are the
cases of v = 77, 133, which are given by Abel et al. in [1, Examples 1.4 and 1.6]. On the other hand, the existence of Z-cyclic
patterned starter whist tournaments for v players with v ≡ 0(mod 4) is only known for v ∈ {4, 28, 40, 76, 112, 148},
see [1,10,18]. Recently, Abel et al. [1] developed the following necessary condition for the existence of ZCPS-Wh(v).
Theorem 1.2 ([1, Theorem 2.2]). A ZCPS-Wh(v) with v ≡ 9(mod 12) can exist only if v ≡ 81(mod 108).
The aim of this paper is twofold. On the one hand, we will remove the condition ‘‘v ≡ 81 ((mod 1)08)’’ in Theorem 1.2
and give a shortened new proof for it. As a by-product, we will provide two new nonexistence results for Z-cyclic patterned
starter whist tournaments. On the other hand, we will propose a general recursive construction, i.e. frame construction, for
Z-cyclic patterned starterwhist tournaments. As a consequence, we are able to unifymany known constructions forZ-cyclic
patterned starter whist tournaments. The known existence results of such designs are then extended.
2. Nonexistence results
In this section, we will give two nonexistence results about Z-cyclic patterned starter whist tournaments, according to
v ≡ 1(mod 4) or v ≡ 0(mod 4), and a necessary condition for a ZCPS-Wh(12k+ 4) to exist. First, we deal with the case of
v ≡ 1(mod 4) by removing the condition ‘‘v ≡ 81 (mod 108)’’ in Theorem 1.2.
Theorem 2.1. There does not exist a ZCPS-Wh(v) whenever v = 12k+ 9 for any nonnegative integer k.
Proof. Suppose that v = 4h+ 1 and a ZCPS-Wh(4h+ 1) exists, then we have an initial round
{ai, bi,−ai,−bi}, 1 ≤ i ≤ h,
which satisfies
{±ai,±bi |1 ≤ i ≤ h} = {±(ai + bi),±(ai − bi)|1 ≤ i ≤ h} = Zv \ {0}.
Hence
2
h
i=1
(a2i + b2i ) ≡ 4
h
i=1
(a2i + b2i ) ≡ S(mod v),
where S =v−1i=0 i2. It follows that
S = 2S − S
≡ 2

2
h
i=1
(a2i + b2i )

−

4
h
i=1
(a2i + b2i )

≡ 0(mod v).
Thus
S =
v−1
i=0
i2 = (v − 1)v(2v − 1)
6
≡ 0(mod v),
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which is equivalent to
(v − 1)(2v − 1) ≡ 0(mod 6).
This implies that v ≡ 1, 5(mod 12). So there is no ZCPS-Wh(12k+ 9). 
Now we come to the case of v ≡ 0(mod 4).
Theorem 2.2. Let k be a nonnegative integer. There does not exist a ZCPS-Wh(v) whenever v satisfies one of the following
conditions:
(1) v = 12k and v − 1 is square free,
(2) v = 12k+ 8 and v − 1 is square free.
Proof. Suppose that v = 4h and a ZCPS-Wh(4h) exists, then we have an initial round
{∞, α, 0,−α}, {ai, bi,−ai,−bi}, 1 ≤ i ≤ h− 1,
which satisfies
{±α} ∪ {±ai,±bi|1 ≤ i ≤ h− 1} = Zv−1 \ {0},
{±α} ∪ {±(ai + bi),±(ai − bi)|1 ≤ i ≤ h− 1} = Zv−1 \ {0}.
Hence
2α2 + 2
h−1
i=1
(a2i + b2i ) ≡ 2α2 + 4
h−1
i=1
(a2i + b2i ) ≡ S(mod v − 1),
where S =v−2i=0 i2. It follows that
2α2 = 4α2 − 2α2
= 2

2α2 + 2
h−1
i=1
(a2i + b2i )

−

2α2 + 4
h−1
i=1
(a2i + b2i )

≡ 2S − S
≡ S(mod v − 1). (1)
If v = 12k, then
S = (v − 2)(v − 1)(2v − 3)
6
= (v − 1)(6k− 1)(8k− 1) ≡ 0(mod v − 1).
Thus
2α2 ≡ S ≡ 0(mod v − 1).
Since v − 1 is odd, then
α2 ≡ 0(mod v − 1).
Now if v − 1 is square free, then we have α = 0, which contradicts the fact that α ≠ 0. So there does not exist any
ZCPS-Wh(v) if v = 12k and v − 1 is square free.
The analysis for the case of v = 12k+ 8 is exactly the same as v = 12k. 
When v = 12k + 4, we continue the analysis as that in the proof of Theorem 2.2 to get a necessary condition for the
existence of a ZCPS-Wh(12k+ 4). Here the notations are the same as above.
Theorem 2.3. Let k be a nonnegative integer. If there exists a ZCPS-Wh(v) for v = 12k + 4 and v−13 is square free, then we
necessarily have a prescribed game {∞, α, 0,−α} with α = v−13 or α = 2(v−1)3 in the initial round.
Proof. With a similar proof to that of Theorem 2.2, we have
S = (v − 2)(v − 1)(2v − 3)
6
= v − 1
3
(6k+ 1)(24k+ 5)
≡ 0

mod
v − 1
3

.
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Hence
2α2 ≡ S ≡ 0

mod
v − 1
3

by Eq. (1). Since v−13 = 4k+ 1 is odd, then
α2 ≡ 0

mod
v − 1
3

.
Now if v−13 is square free, we have
v−1
3 must be a divisor of α, which implies that α = v−13 or α = 2(v−1)3 . 
3. Frame constructions for ZCPS-Whs
The concept of frames has been very useful in dealingwith resolvable balanced incomplete block (RBIB) designs (see [11])
since Stinson [19] first defined frames in 1986. The triplewhist tournament frame was introduced by Lu and Zhu in [17]
and played an important role in obtaining an almost complete result for the existence of triplewhist tournament designs.
Z-cyclic triplewhist tournament frames were defined by Ge and Zhu in [13] and shown to be useful in the constructions of
Z-cyclic triplewhist tournaments (see also [12]).
Suppose that S is a set of players andH = {S1, S2, . . . , Sn} is a set of subsets which form a partition of S. Let si = |Si| and
v = |S|. Suppose that v − si ≡ 0(mod 4) for any i, 1 ≤ i ≤ n. A holey round with hole Si is a set of games (a, b, c, d)which
partition the set S \Si. Awhist tournament frame (brieflyWh-frame) of type (s1, s2, . . . , sn) is a schedule of games (a, b, c, d),
where the unordered pairs {a, c}, {b, d} are called partners, the pairs {a, b}, {c, d}, {a, d}, {b, c} opponents, such that
1. the games are arranged into holey rounds, and there are si holey rounds with hole Si each containing (v − si)/4 games;
2. each player in hole Si plays in exactly one game in all but si holey rounds;
3. each player partners every other player in distinct holes exactly once;
4. each player has every other player in distinct holes as an opponent exactly twice.
We shall use an ‘‘exponential’’ notation to describe types: so type tu11 . . . t
um
m denotes ui occurrences of ti, 1 ≤ i ≤ m,
in the multiset {s1, s2, . . . , sn}. If s1 = · · · = sn = s, we say that the Wh-frame has a uniform type sn and we denote it by
Wh-frame (sn). For v ≡ 1(mod 4), a Wh-frame of type 1v is just a whist tournament of order v.
Suppose that X = Zv, v = hn, and Zv has a subgroup H of order h. Suppose that a Wh-frame(hn) has a special round
(called round 0), whose elements form a partition of the set Zv \ H , such that round j + 1 can be obtained from round j by
adding 1(mod v) to each element. Such a Wh-frame is called Z-cyclic. Round 0 is called the initial round.
Similarly, if G is an abelian group such that |G| ≡ 1(mod 2) and H is a subgroup of G, the set {(x,−x) : x ∈ G \ H}
is called the patterned starter for G \ H . If G = Zv, v = hn and H is a subgroup of order h in G, then a Z-cyclic
Wh-frame(hn) is said to be a Z-cyclic patterned starter whist tournament frame, briefly ZCPS-Wh-frame(hn), whenever the
collection of initial round partner pairs forms the patterned starter for the set Zv \ H . It is equivalent to saying that a
ZCPS-Wh-frame(hn) on v (=hn) players is a schedule of games which is generated from an initial holey round composed of
games (ai, bi,−ai,−bi), 1 ≤ i ≤ r = v−h4 , such that
{±ai,±bi|1 ≤ i ≤ r} = {±(ai + bi),±(ai − bi)|1 ≤ i ≤ r} = Zv \ H.
Example 3.1. The following 9 tables constitute the initial round of a ZCPS-Wh-frame(313).
(5, 24, 34, 15), (4, 27, 35, 12), (7, 11, 32, 28), (2, 36, 37, 3),
(1, 29, 38, 10), (14, 31, 25, 8), (6, 18, 33, 21), (9, 16, 30, 23),
(17, 19, 22, 20).
Lemma 3.2. Suppose that there are both a ZCPS-Wh-frame(h(v/h)) and a ZCPS-Wh-frame(t(h/t)). Then there exists a
ZCPS-Wh-frame(t(v/t)).
Proof. Let R1 and R2 be the initial rounds of the first twoZCPS-Wh-frames, respectively. Replace each element x in R2 by ( vh )x
and denote the set of games by R∗2 . It is easy to see that R1 ∪ R∗2 is an initial round of the desired ZCPS-Wh-frame(t(v/t)). 
Taking t = 1, we obtain a construction of ZCPS-Whs using ZCPS-Wh-frames.
Lemma 3.3. Suppose that there are both a ZCPS-Wh-frame(hn) and a ZCPS-Wh(h) for h ≡ 1(mod 4). Then there exists a
ZCPS-Wh(hn).
Similarly, we can have the following result.
Lemma 3.4. Suppose that there are both a ZCPS-Wh-frame(hn) and a ZCPS-Wh(h+ 1) for h ≡ 3(mod 4). Then there exists a
ZCPS-Wh(hn+ 1).
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Proof. Let R1 and R2 be the initial rounds of the ZCPS-Wh-frame and the ZCPS-Wh, respectively. In R2, fix∞ unchanged
and replace every other element x by nx and denote the set of games by R∗2 . It is easy to see that R1 ∪ R∗2 is an initial round
of the desired ZCPS-Wh(hn+ 1). 
4. Constructions of ZCPS-Wh-frame(3p)
In this section,wewill construct an infinite class ofZ-cyclic patterned starterwhist tournament frames of type 3n, and use
it to obtain Z-cyclic patterned starter whist tournaments for v players with v ≡ 0(mod 4). By Lemma 3.4 and [1, Theorem
3.2], we have the following necessary condition.
Lemma 4.1. If there exists a ZCPS-Wh-frame(3n), then n ≢ 5(mod 12).
In this section, Weil’s theorem on character sum, which can be found in [16], is used to get our main result. It states as
follows.
Theorem 4.2. Let ψ be a multiplicative character of GF(q) of order m > 1 and let f ∈ GF(q)[x] be a monic polynomial of
positive degree that is not an m-th power of a polynomial. Let d be the number of distinct roots of f in its splitting field over
GF(q), then for every a ∈ GF(q) we have 
c∈GF(q)
ψ(af (c))
 ≤ (d− 1)√q.
Given a prime p ≡ 1 (mod m) and a primitive element ω ∈ Zp, we use Cm0 to denote the multiplicative subgroup
{ωim : 0 ≤ i < (p− 1)/m} of them-th powers modulo p, and Cmj to denote the coset of Cm0 in Zp, i.e. Cmj = ωj · Cm0 .
4.1. The case of p ≡ 13(mod 24)
Since gcd(p, 3) = 1,Zp × Z3 is isomorphic to Z3p. Form the following 9 games based on the additive group Zp × Z3:
B1 = {(1, 0), (x, 0)}, B2 = {(y2, 0), (y, 1)}, B3 = {(y3, 0), (y2, 1)},
B4 = {(y4, 0), (y3, 1)}, B5 = {(y5, 0), (y6, 1)}, B6 = {(x4, 1), (x5, 1)},
B7 = {(z7, 1), (z8, 1)}, B8 = {(z9, 1), (z10, 1)}, B9 = {(z11, 1), (z12, 1)}.
Here, each game is represented by its first two players, for example, the set B2 = {(y2, 0), (y, 1)} represents the game
((y2, 0), (y, 1), (−y2, 0), (−y, 2)).
For a set B = {a, b}, we denote±B = {a, b,−a,−b},1B = {±(a+ b),±(a− b)}. Then, we have
9
i=1
±Bi =
2
j=0
Aj × {j},
9
i=1
1Bi =
2
j=0
Bj × {j},
where
A0 = {±1,±x,±y2,±y3,±y4,±y5},
A1 = {y, y2, y3, x4, x5, y6, z7, z8, z9, z10, z11, z12},
A2 = {−a | a ∈ A1},
B0 = {±(x+ 1),±(x− 1),±x4(x− 1),±z7(z − 1),±z9(z − 1),±z11(z − 1)},
B1 = {y(y+ 1), y2(y+ 1), y3(y+ 1), y5(y+ 1)}
∪ {−y(y− 1),−y2(y− 1),−y3(y− 1), y5(y− 1)}
∪ {−x4(x+ 1),−z7(z + 1),−z9(z + 1),−z11(z + 1)},
B2 = {−a | a ∈ B1}.
Now if each of the setsAi, Bi, 0 ≤ i ≤ 2, is a complete representative system of Z∗p/C120 , it follows that the set of games
F = {Bi · (s, 1) | 1 ≤ i ≤ 9, s ∈ C120 }
forms an initial round of ZCPS-Wh-frame(3p).
Lemma 4.3. There exists a ZCPS-Wh-frame(3p) for any prime p ≡ 13(mod 24) and p > 9150625.
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Proof. It is readily checked that if we can find elements x, y, z ∈ Zp satisfying the following conditions:
(a) x ∈ C121 , x+ 1 ∈ C12k , x− 1 ∈ C12k−2,
(b) y ∈ C121 , y+ 1 ∈ C12k−2, y− 1 ∈ C12k ,
(c) z ∈ C121 , z + 1 ∈ C12k+1, z − 1 ∈

i∈{0,2,4,6,8,10}
C12k+i,
where k is some integer such that 0 ≤ k ≤ 11 (here the subscripts of C12 are calculated modulo 12), then each of the sets
Ai, Bi, 0 ≤ i ≤ 2, is a complete representative system of Z∗p/C120 . By the above discussion, the set of games F forms an
initial round of ZCPS-Wh-frame(3p).
Let ω be a primitive element of Zp, and let f1(x) = ω11x, f2(x) = ω12−k(x + 1) and f3(x) = ω14−k(x − 1). The condition
(a) is equivalent to the conditions that fj(x) ∈ C120 , 1 ≤ j ≤ 3. Let χ be a non-principal multiplicative character of order 12.
That is, if x ∈ C12i , then χ(x) = θ i, where θ is a primitive 12th root of unity. Let Bi = χ(fi(x)), 1 ≤ i ≤ 3. Then,
1+ Bi + B2i + · · · + B11i =
12, if fi(x) ∈ C
12
0 ,
0, if fi(x) ∉ C120 ∪ {0},
1, if fi(x) = 0.
We define a sum
S =

x∈Zp
3
i=1
(1+ Bi + B2i + · · · + B11i ). (2)
This sum is equal to 123n+ d, where n is the number of elements in Zp satisfying the condition (a), and d is the contribution
when either f1(x), f2(x) or f3(x) is 0. Now if f1(x) = 0, then x = 0, f2(0) = w12−k and f3(0) = −w14−k. Since p ≡ 13(mod 24),
we know −1 ∈ C126 . Hence, f2(0) ∈ C120 and f3(0) ∈ C120 cannot be satisfied at the same time, so the contribution
to S is 0. If f2(x) = 0, then x = −1, f1(x) = −ω11 ∉ C120 ∪ {0} and the contribution to S is 0. If f3(x) = 0, then
x = 1, f1(x) = ω11 ∉ C120 ∪ {0} and the contribution to S is 0 too. Therefore we have d = 0 in the sum. If we are able
to show that |S| > 0, then there exists an x ∈ Zp satisfying the condition (a). Expanding the inner product in (2) we obtain
S =

x∈Zp
1+
3
r=1

1≤i1<···<ir≤3

1≤j1,...,jr≤11

x∈Zp
Bj1i1 · · · Bjrir . (3)
To estimate the inner sum, we use Weil’s theorem on character sums. Note that Bj1i1 · · · Bjrir = χ(
r
l=1(fil(x))
jl) and the order
of χ is 12. If
r
l=1(fil(x))
jl = [p(x)]12 for some p(x) ∈ Zp[x], then it must be the case that j1 ≡ j2 ≡ · · · ≡ jr ≡ 0(mod 12),
since fjl(x) is coprime to fjn(x) for n ≠ l. Thus Theorem 4.2 can be applied here. For any r, 1 ≤ r ≤ 3, we havex∈Zp Bj1i1 · · · Bjrir
 ≤ (r − 1)√p. (4)
From (2)–(4), we have
|S| ≥ p−
3
r=1

3
r

11r(r − 1)√p = p− 3025√p. (5)
Obviously, |S| > 0 if p > 9150625. The analysis of finding element y satisfying the condition (b) or element z
satisfying the condition (c) is exactly the same as above. Since these three elements x, y, z are independent, there exists
a ZCPS-Wh-frame(3p) for any prime p ≡ 13(mod 24) and p > 9150625. 
Lemma 4.4. There exists a ZCPS-Wh-frame(3p) for any prime p ≡ 13(mod 24) and 1213 ≤ p ≤ 9150625.
Proof. With the aid of a computer, the three elements x, y, z satisfying the above conditions (a), (b) and (c) have been found
for any prime p ≡ 13(mod 24), 1213 ≤ p ≤ 9150625. To save space, we only list pairs (p, R) for 1213 ≤ p ≤ 6037 in
Table 1, where R = (ω, x, y, z, k). For the other data, the interested readers may get a copy from the authors. 
4.2. The case of p ≡ 1(mod 24)
It is easy to see that −1 ∈ C60 . Since gcd(p, 3) = 1,Zp × Z3 is isomorphic to Z3p. Form the following 9 games based on
the additive group Zp × Z3:
B1 = {(1, 0), (a, 0)},
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Table 1
(p, R) for p ≡ 13(mod 24) and 1237 ≤ p ≤ 6037.
p (ω, x, y, z, k) p (ω, x, y, z, k) p (ω, x, y, z, k)
1237 (2, 1167, 306, 155, 2) 1381 (2, 77, 159, 150, 5) 1429 (6, 312, 656, 38, 7)
1453 (2, 557, 462, 249, 6) 1549 (2, 1358, 745, 270, 2) 1597 (11, 954, 33, 83, 3)
1621 (2, 1316, 1035, 221, 2) 1669 (2, 557, 1541, 93, 2) 1693 (2, 991, 649, 70, 5)
1741 (2, 265, 872, 113, 5) 1789 (6, 194, 683, 91, 3) 1861 (2, 436, 290, 248, 2)
1933 (5, 681, 487, 57, 3) 2029 (2, 1797, 22, 334, 3) 2053 (2, 1707, 1096, 288, 3)
2221 (2, 6, 1352, 156, 2) 2269 (2, 1244, 136, 120, 4) 2293 (2, 83, 173, 52, 2)
2341 (7, 112, 758, 109, 2) 2389 (2, 817, 2383, 18, 2) 2437 (2, 43, 1133, 33, 5)
2557 (2, 943, 2, 2, 6) 2677 (2, 1274, 822, 301, 2) 2749 (6, 382, 2070, 6, 2)
2797 (2, 1860, 696, 145, 2) 2917 (5, 970, 728, 381, 2) 3037 (2, 752, 77, 623, 2)
3061 (6, 1373, 462, 197, 2) 3109 (6, 2312, 6, 487, 2) 3181 (7, 938, 1380, 55, 3)
3229 (6, 521, 1269, 126, 2) 3253 (2, 2832, 1657, 486, 2) 3301 (6, 776, 1351, 312, 3)
3373 (5, 1055, 164, 5, 2) 3469 (2, 3326, 288, 29, 2) 3517 (2, 7, 1545, 132, 3)
3541 (7, 3042, 376, 296, 2) 3613 (2, 2039, 200, 457, 2) 3637 (2, 312, 353, 1461, 2)
3709 (2, 3042, 1270, 114, 3) 3733 (2, 2620, 3188, 357, 2) 3853 (2, 622, 2901, 293, 2)
3877 (2, 2842, 82, 327, 2) 4021 (2, 982, 2084, 418, 2) 4093 (2, 498, 435, 811, 2)
4261 (2, 506, 291, 430, 2) 4357 (2, 4316, 478, 251, 2) 4549 (6, 1418, 181, 293, 2)
4597 (5, 433, 1148, 661, 2) 4621 (2, 901, 916, 193, 2) 4789 (2, 3658, 1017, 119, 2)
4813 (2, 1195, 780, 179, 2) 4861 (11, 2037, 1749, 62, 2) 4909 (6, 3027, 4697, 215, 2)
4933 (2, 280, 2504, 336, 2) 4957 (2, 4330, 1018, 433, 2) 5077 (2, 1081, 83, 139, 2)
5101 (6, 1066, 624, 229, 2) 5197 (7, 1456, 84, 53, 2) 5413 (5, 261, 605, 94, 2)
5437 (5, 2961, 3320, 791, 2) 5557 (2, 182, 849, 303, 3) 5581 (6, 3347, 92, 206, 2)
5653 (5, 731, 255, 245, 2) 5701 (2, 389, 244, 606, 2) 5749 (2, 1816, 1884, 96, 2)
5821 (6, 1475, 26, 70, 2) 5869 (2, 3338, 3866, 241, 2) 6037 (5, 362, 1039, 18, 2)
B2 = {(b, 0), (e, 1)},
B3 = {(c, 0), (−b− c − e, 1)},
B4 = {(d, 0), (b+ 2c − d+ e, 1)},
B5 = {(b+ c − d, 0), (−c + d− e, 1)},
B6 = {(−f , 1), (−e, 1)},
B7 = {(c − d+ e, 1), (b+ c + e, 1)},
B8 = {(f , 1), (−b− 2c + d− 2e− f , 1)},
B9 = {(b+ 2c − d+ 2e+ f , 1), (−b− 2c + d− e, 1)}.
Then, we have
9
i=1
±Bi =
2
j=0
±Aj × {j},
9
i=1
1Bi =
2
j=0
±Bj × {j},
where
A0 = {1, a, b, c, d, b+ c − d} ,
A1 = A2 = {e, f , b+ c + e, c − d+ e, b+ 2c − d+ e, b+ 2c − d+ 2e+ f } ,
B0 = {a+ 1, a− 1, b+ 2c − d+ 2e+ 2f , 2b+ 4c − 2d+ 3e+ f , e− f , b+ d} ,
B1 = B2 = {b+ e,−b+ e, b+ 2c + e, b+ 2c − 2d+ e, b+ 2c − d+ 2e, e+ f } .
Let S be a complete representative system of C60/{±1}. If each of the sets Ai,Bi, 0 ≤ i ≤ 2, is a complete representative
system of Z∗p/C60 , it follows that the set of games
F = {Bi · (s, 1) | 1 ≤ i ≤ 9, s ∈ S}
is an initial round of ZCPS-Wh-frame(3p).
Given arbitrary integers e ≥ 2, t ≥ 1 and n ≥ 0, we denote by Q (e, t, n) the number defined by
Q (e, t, n) = 1
4

U +

U2 + 4et−1(t + en)
2
, where U =
t
h=1

t
h

(e− 1)h(h− 1).
In the case of n = 0 we write Q (e, t) instead of Q (e, t, 0). Note that Q (e, t, n) < Q (e, t ′, n) for t < t ′.
As an application of Weil’s theorem, we quote a result which can be found in [7].
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Theorem 4.5 ([7, Theorem 2.2]). Let q ≡ 1(mod e) be a prime power, let B = {b1, . . . , bt} be an arbitrary t-subset of GF(q),
and let (β1, . . . , βt) be an arbitrary element of Zte. Set X = {x ∈ GF(q) : x− bi ∈ C eβi for i = 1, . . . , t}. Then we have:
|X | ≥ q− U
√
q− et−1t
et
and hence |X | > n as soon as q > Q (e, t, n).
Thus, in particular, X is not empty for q > Q (e, t).
Lemma 4.6. There exists a ZCPS-Wh-frame(3p) for any prime p ≡ 1(mod 24) with p > 1.9× 1012.
Proof. It is readily checked that if the six elements a, b, c, d, e, f satisfy the following conditions:
a ∈ C61 , a+ 1 ∈ C60 , a− 1 ∈ C61 ;
b ∈ C62 ;
e ∈ C60 , e+ b ∈ C60 , e− b ∈ C61 ;
c ∈ C63 , c + b+ e ∈ C62 , 2c + b+ e ∈ C62 ;
d ∈ C64 , d− b− 2c − 2e ∈ C64 , d− c − e ∈ C63 ,
d+ b ∈ C65 , d− b− 2c − e ∈ C64 , 2d− b− 2c − e ∈ C63 ,
d− b− c ∈ C65 ;
f ∈ C61 , f + b+ 2c − d+ 2e ∈ C65 , 2f + b+ 2c − d+ 2e ∈ C62 ,
f − e ∈ C64 , f + e ∈ C65 , f + 2b+ 4c − 2d+ 3e ∈ C63 ;
where the subscripts of C6 are calculated modulo 6, then each of the sets Ai, Bi, 0 ≤ i ≤ 2, is a complete representative
system of Z∗p/C60 .
We suppose that 12 ∈ C6r . By applying Theorem 4.5 iteratively, we will show that the above desired elements a, b, c, d, e
and f do exist if p > 1.9× 1012 > Q (6, 7).
Firstly, applying Theorem 4.5 with e = 6, t = 3, B = {0,−1, 1} and (β1, β2 β3) = (1, 0, 1), we see that the set X1 of
elements x ∈ Zp such that x ∈ C61 , x + 1 ∈ C60 and x − 1 ∈ C61 is not empty since the hypothesis p > Q (6, 7) implies
p > Q (6, 3). Fix, at pleasure, an element a ∈ X1.
Secondly, applying Theorem 4.5 with e = 6, t = 1, B = {0} and β1 = 2, we see that the set X2 of elements x ∈ Zp such
that x ∈ C62 is not empty since p > Q (6, 7) implies p > Q (6, 1). Fix, at pleasure, an element b ∈ X2.
Then, applying Theorem 4.5 with e = 6, t = 3, B = {0,−b, b} and (β1, β2, β3) = (0, 0, 1), we see that the set X3 of
elements x ∈ Zp such that x ∈ C60 , x + b ∈ C60 and x − b ∈ C61 is not empty since p > Q (6, 7) implies p > Q (6, 3). Fix, at
pleasure, an element e ∈ X3.
Now, applying Theorem 4.5 with e = 6, t = 3, B = {0,−b− e,− 12 (b+ e)} and (β1, β2, β3) = (3, 2, 2+ r), we see that
the set X4 of elements x ∈ Zp such that x ∈ C63 , x + b + e ∈ C62 and x + 12b + 12 e ∈ C62+r is not empty since p > Q (6, 7)
implies p > Q (6, 3). Fix, at pleasure, an element c ∈ X4.
Then, applying Theorem 4.5 with e = 6, t = 7, B = {0, b + 2c + 2e, c + e,−b, b + 2c + e, 12b + c + 12 e, b + c}
and (β1, β2, β3, β4, β5, β6, β7) = (4, 4, 3, 5, 4, 3 + r, 5), we see that the set X5 of elements x ∈ Zp such that x ∈
C64 , x− b− 2c − 2e ∈ C64 , x− c − e ∈ C63 , x+ b ∈ C65 , x− b− 2c − e ∈ C64 , x− 12b− c − 12 e ∈ C63+r and x− b− c ∈ C65 is
not empty since p > Q (6, 7). Fix, at pleasure, an element d ∈ X5.
Finally, applying Theorem4.5with e = 6, t = 6, B = {0,−b−2c+d−2e,− 12b−c+ 12d−e, e,−e,−2b−4c+2d−3e} and
(β1, β2, β3, β4, β5, β6) = (1, 5, 2+r, 4, 5, 3), we see that the set X6 of elements x ∈ Zp such that x ∈ C61 , x+b+2c−d+2e ∈
C65 , x + 12b + c − 12d + e ∈ C62+r , x − e ∈ C64 , x + e ∈ C65 and x + 2b + 4c − 2d + 3e ∈ C63 is not empty since p > Q (6, 7)
implies p > Q (6, 6). Fix, at pleasure, an element f ∈ X5.
It is clear that the elements a, b, c, d, e and f satisfy all the necessary conditions. Hence, by the above discussion, it follows
that the set of games F is an initial round for ZCPS-Wh-frame(3p). 
Lemma 4.7. There exists a ZCPS-Wh-frame(3p) for any prime p ≡ 1(mod 12) and 13 ≤ p ≤ 1213.
Proof. For p = 13, the desired ZCPS-Wh-frame can be found in Example 3.1. With the aid of a computer, we have found
an initial round for ZCPS-Wh-frame(3p) for each prime p ≡ 1(mod 12) and 37 ≤ p ≤ 1213. To save space, we only list the
corresponding primitive element ω and the 9 base games for each Zp with 37 ≤ p ≤ 349 in Table 2. As before, every game
is represented by the first two players of it. The complete initial round is obtained by multiplying the 9 base games with all
the elements in {(s, 1) | s ∈ S}, where S is a complete representative system of C60/{±1}. 
Now we come to our main result of this section:
Lemma 4.8. There exists a ZCPS-Wh-frame(3p) whenever
(1) p is a prime and p ≡ 13(mod 24);
(2) p is a prime, p ≡ 1(mod 24) and either p ≤ 1213 or p > 1.9× 1012.
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Table 2
Base blocks for p ≡ 1(mod 12) and 37 ≤ p ≤ 349.
p ω Base blocks
37 2 {(12, 1), (18, 1)}; {(35, 0), (25, 1)}; {(24, 0), (22, 1)};
{(29, 1), (3, 1)}; {(9, 0), (19, 1)}; {(11, 0), (33, 0)};
{(10, 1), (34, 1)}; {(6, 0), (8, 1)}; {(15, 1), (27, 1)}.
61 2 {(12, 1), (58, 1)}; {(8, 0), (13, 1)}; {(25, 0), (48, 1)};
{(55, 0), (32, 1)}; {(41, 0), (29, 1)}; {(3, 1), (2, 1)};
{(38, 1), (49, 1)}; {(35, 0), (5, 0)}; {(23, 1), (59, 1)}.
73 5 {(47, 0), (34, 1)}; {(24, 0), (41, 1)}; {(32, 1), (28, 1)};
{(39, 1), (46, 1)}; {(27, 1), (21, 1)}; {(7, 0), (19, 1)};
{(48, 0), (14, 0)}; {(4, 0), (52, 1)}; {(45, 1), (54, 1)}.
97 5 {(76, 1), (28, 1)}; {(91, 0), (13, 1)}; {(69, 1), (1, 1)};
{(32, 1), (96, 1)}; {(17, 0), (95, 1)}; {(2, 0), (84, 1)};
{(29, 0), (2, 1)}; {(34, 0), (89, 0)}; {(21, 1), (65, 1)}.
109 6 {(46, 0), (85, 1)}; {(39, 0), (17, 1)}; {(24, 1), (22, 1)};
{(92, 1), (93, 1)}; {(28, 0), (25, 0)}; {(17, 0), (87, 1)};
{(85, 0), (29, 1)}; {(16, 1), (47, 1)}; {(62, 1), (80, 1)}.
157 5 {(31, 0), (4, 1)}; {(57, 1), (135, 1)}; {(26, 0), (135, 0)};
{(134, 0), (50, 1)}; {(107, 1), (129, 1)}; {(82, 0), (100, 1)};
{(22, 1), (153, 1)}; {(76, 0), (3, 1)}; {(28, 1), (154, 1)}.
181 2 {(78, 0), (154, 1)}; {(170, 1), (66, 1)}; {(173, 0), (97, 1)};
{(116, 0), (27, 1)}; {(46, 0), (84, 1)}; {(115, 1), (71, 1)};
{(110, 1), (16, 1)}; {(52, 0), (17, 0)}; {(11, 1), (165, 1)}.
193 5 {(22, 0), (135, 1)}; {(46, 0), (28, 1)}; {(132, 0), (58, 1)};
{(71, 0), (69, 0)}; {(7, 1), (50, 1)}; {(29, 1), (146, 1)};
{(85, 0), (165, 1)}; {(47, 1), (143, 1)}; {(164, 1), (186, 1)}.
229 6 {(38, 0), (17, 1)}; {(118, 1), (51, 1)}; {(57, 0), (212, 1)};
{(84, 0), (105, 1)}; {(50, 0), (124, 1)}; {(123, 1), (166, 1)};
{(111, 1), (106, 1)}; {(82, 0), (37, 0)}; {(63, 1), (178, 1)}.
241 7 {(204, 0), (51, 1)}; {(35, 1), (220, 1)}; {(131, 0), (61, 0)};
{(73, 0), (226, 1)}; {(206, 1), (61, 1)}; {(180, 1), (119, 1)};
{(164, 0), (190, 1)}; {(113, 0), (15, 1)}; {(21, 1), (122, 1)}.
277 5 {(243, 0), (112, 1)}; {(32, 0), (119, 0)}; {(172, 0), (94, 1)};
{(213, 1), (39, 1)}; {(154, 0), (165, 1)}; {(125, 1), (238, 1)};
{(52, 0), (183, 1)}; {(64, 1), (127, 1)}; {(150, 1), (152, 1)}.
313 10 {(90, 0), (83, 1)}; {(111, 0), (230, 1)}; {(190, 0), (96, 0)};
{(27, 0), (167, 1)}; {(139, 0), (146, 1)}; {(290, 1), (81, 1)};
{(23, 1), (79, 1)}; {(21, 1), (234, 1)}; {(232, 1), (292, 1)}.
337 10 {(91, 0), (47, 0)}; {(303, 1), (177, 1)}; {(160, 1), (74, 1)};
{(163, 0), (268, 1)}; {(196, 0), (47, 1)}; {(223, 0), (263, 1)};
{(136, 0), (96, 1)}; {(34, 1), (69, 1)}; {(241, 1), (290, 1)}.
349 2 {(60, 0), (205, 1)}; {(177, 0), (78, 0)}; {(294, 0), (259, 1)};
{(249, 1), (328, 1)}; {(109, 0), (144, 1)}; {(105, 1), (16, 1)};
{(100, 1), (244, 1)}; {(6, 0), (90, 1)}; {(21, 1), (333, 1)}.
Proof. Part (1) follows by Lemmas 4.3, 4.4 and 4.7. Part (2) follows by Lemmas 4.6 and 4.7. 
As a consequence of Lemma 4.8, we can get the following theorem immediately by applying Lemma 3.4 with h = 3, since
a ZCPS-Wh(4) exists.
Theorem 4.9. There exists a ZCPS-Wh(3p+ 1) whenever
(1) p is a prime and p ≡ 13(mod 24);
(2) p is a prime, p ≡ 1(mod 24) and either p ≤ 1213 or p > 1.9× 1012.
5. Constructions using difference matrices
In this sectionwe describe a construction based on a special class of (cyclic) differencematrix. See [8] for fuller treatment
of the concept.
Let G be an abelian group of order v. A difference matrix based on G, denoted by (v, k; 1)-DM, is a k × v matrix
A = [aij], aij ∈ G, such that for r ≠ s the differences arj − asj, 1 ≤ j ≤ v, comprise all the elements of G. If G = Zv ,
the difference matrix is called cyclic and denoted by (v, k; 1)-CDM. If the elements of each row comprise all the elements
of Zv , we speak of a homogeneous (v, k; 1)-CDM. It is easy to see that if a (v, k; 1)-CDM contains a row with all elements 0,
then the remaining rows form a homogeneous (v, k− 1; 1)-CDM and vice versa.
S. Hu, G. Ge / Discrete Applied Mathematics 160 (2012) 2188–2198 2197
Specially, if a homogeneous (v, 4; 1)-CDM A = [aij] satisfies the properties that a1j = −a3j, a2j = −a4j, 1 ≤ j ≤ v,
we say A is a symmetric homogeneous cyclic difference matrix, denoted by (v, 4; 1)-SHCDM. Now we give a necessary and
sufficient condition for a (v, 4; 1)-SHCDM to exist.
Lemma 5.1. A (v, 4; 1)-SHCDM exists if and only if gcd(v, 6) = 1.
Proof. Firstly, suppose that gcd(v, 6) = 1, let
A =
 1 2 · · · i · · · v − 1 02 4 · · · 2i · · · 2(v − 1) 0−1 −2 · · · −i · · · −(v − 1) 0
−2 −4 · · · −2i · · · −2(v − 1) 0
 .
It is easy to check that A is a (v, 4; 1)-SHCDM.
Secondly, suppose that A = [aij], 1 ≤ i ≤ 4, 1 ≤ j ≤ v, is a (v, 4; 1)-SHCDM. Then we have a1j = −a3j, a2j = −a4j, 1 ≤
j ≤ v, and
{a1j | 1 ≤ j ≤ v} = {a1j − a3j = 2 a1j | 1 ≤ j ≤ v} = Zv, (6)
{a2j | 1 ≤ j ≤ v} = {a1j − a2j | 1 ≤ j ≤ v} = {a1j + a2j | 1 ≤ j ≤ v} = Zv. (7)
From Eq. (6), we have
v
j=1
a1j ≡
v
j=1
2 a1j ≡
v−1
j=0
j ≡ (v − 1)v
2
(mod v).
Hence
(v − 1)v
2
≡
v
j=1
a1j ≡
v
j=1
2 a1j −
v
j=1
a1j ≡ 0(mod v),
which implies that v ≡ 1(mod 2). Moreover, from Eqs. (6) and (7), we have
v
j=1
a21j ≡
v
j=1
a22j ≡
v
j=1
(a1j + a2j)2 ≡
v
j=1
(a1j − a2j)2 ≡ S(mod v),
where S =v−1i=0 i2. Then
2S = 2S + 2S − 2S
≡ 2
v
j=1
a21j + 2
v
j=1
a22j −

v
j=1
(a1j + a2j)2 +
v
j=1
(a1j − a2j)2

≡ 2
v
j=1
a21j + 2
v
j=1
a22j − 2

v
j=1
a21j +
v
j=1
a22j

≡ 0(mod v).
Since v ≡ 1(mod 2), we have
S =
v−1
i=0
i2 = (v − 1)v(2v − 1)
6
≡ 0(mod v),
which implies that v ≡ 1, 5 (mod 6), therefore gcd(v, 6) = 1. 
Using a (v, 4; 1)-SHCDM, we can have the following inflation construction for ZCPS-Wh-frames.
Lemma 5.2. Suppose that there exists a ZCPS-Wh-frame(hn). If there is also a (v, 4; 1)-SHCDM, then there exists a
ZCPS-Wh-frame((vh)n).
Proof. Let A = (aij) be a (v, 4; 1)-SHCDM. For each initial round game (a, b,−a,−b) of the ZCPS-Wh-frame(hn), construct
games (a+ ga1j, b+ ga2j,−a− ga1j,−b− ga2j), g = hn and 1 ≤ j ≤ v, where the operations are calculated modulo vhn.
All these games form an initial round of the desired ZCPS-Wh-frame((vh)n). 
We can construct a (v, 4; 1)-SHCDM from a ZCPS-Wh(v).
Lemma 5.3. If v ≡ 1(mod 4) and a ZCPS-Wh(v) exists, then a (v, 4; 1)-SHCDM exists.
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Proof. Suppose that v = 4h+ 1 and the initial round of the ZCPS-Wh(v) is composed of the games: (ai, bi,−ai,−bi), 1 ≤
i ≤ h. Now let
A =
 a1 · · · ah b1 · · · bh −a1 · · · −ah −b1 · · · −bh 0b1 · · · bh −a1 · · · −ah −b1 · · · −bh a1 · · · ah 0−a1 · · · −ah −b1 · · · −bh a1 · · · ah b1 · · · bh 0
−b1 · · · −bh a1 · · · ah b1 · · · bh −a1 · · · −ah 0
 .
It is easy to check that the matrix A is a (v, 4; 1)-SHCDM. 
As an immediate consequence of Lemmas 3.3 and 5.2 (with h = 1), and Lemma 5.3, we obtain an alternative proof of the
following product theorem, which was first stated in [4, Theorem 3.2].
Theorem 5.4. If u and v are both congruent to 1modulo 4, then the existence of a ZCPS-Wh(u) and a ZCPS-Wh(v) implies that
of a ZCPS-Wh(uv).
From Lemmas 3.4 and 5.2, a similar product theorem can be obtained, which was first stated in [4, Theorem 3.3].
Theorem 5.5. Suppose that there exists a ZCPS-Wh(v) for v ≡ 1(mod 4). Suppose that there exist also a ZCPS-Wh(q+ 1) and
a (q, 4; 1)-SHCDM for q ≡ 3(mod 4). Then there exists a ZCPS-Wh(qv + 1).
6. Concluding remarks
Frames are useful in dealingwith resolvable designs such as resolvable balanced incomplete block designs and triplewhist
tournaments (see [11,17,19]). Z-cyclic whist tournament frames have been proved to be instrumental in the constructions
of Z-cyclic whist tournaments (see [12,13]). This paper provides further evidence that the idea of frames is also useful in
the construction of Z-cyclic patterned starter whist tournaments. Using this approach, we are able to unify many known
constructions for Z-cyclic patterned starter whist tournaments. The known existence results of such designs are then
extended. We believe that frame constructions will continue to play a crucial role in the constructions of Z-cyclic patterned
starter whist tournaments.
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